CHAPTER ~

ORDINARY
DIFFERENTIAL EQUATIONS

§1. Introduction

Examples of differential equations. The equations that we have
encountered up to now have been for the most part concerned with
finding the numerical value of one magnitude or another. When, for
example, in the search for maxima and minima of functions, we solved
an equation and found those points for which the rate of change of a
function vanishes, or when in Chapter IV we considered the problem of
finding the roots of polynomials, we were in each case looking for isolated
numbers. But in the applications of mathematics there often arise problems
of a qualitatively different sort, in which the unknown is itself a function,
a law expressing the dependence of certain variables on others. For
example, in investigating the process of the cooling of a body, our task
is to determine how its temperature will change in the course of time; to
describe the motion of a planet or a star we must determine the dependence
of their coordinates on time, and so forth.

We can quite often construct an equation for finding the required
unknown functions, such equations being called functional equations.
The nature of these may, generally speaking, be extremely varied; in fact,
it may be said that we have already met the simplest and most primitive
functional equations when we were considering implicit functions.

The problem of finding unknown functions will concern us in Chapters
V. VI, and VIL. In the present chapter, and in the following one, We will
consider the most important class of equations serving to determine such
rl;"“‘oﬂss namely differential equations; that is, ﬂluﬁ_ﬁom in “'h_‘d‘ not only

¢ unknown function occurs, but also its derivatives of various orders.
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The following equations may serve as examples:
dx d*x . dx
@ + P(1) x = Q('}'}ﬂ_n 4 mi*x = A sin wt,?r—'- = Ix,
fu u ®w  Pu u | Ou
= "o = O (
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In the first three of these, the unknown function is denoted by the letter
xand the independent variable by ; in the last three, the unknown function
is denoted by the letter » and it depends on two arguments, x and 1, or
x and y.

The great importance of differential equations in mathematics, and
especially in its applications, is due chiefly to the fact that the investigation
of many problems in physics and technology may be reduced to the
solution of such equations.

Calculations involved in the construction of electrical machinery or of
radiotechnical devices, computation of the trajectory of projectiles,
investigation of the stability of an aircraft in flight, or of the course of a
chemical reaction, all depend on the solution of differential equations.

It often happens that the physical laws governing a phenomenon are
written in the form of differential equations, so that the differential
equations themselves provide an exact quantitative (numerical) expression

of these laws. The reader will see in the following chapters how the laws of
and of heat energy are written in the form of dif-

mechanics discovered by Newton allow
f any mechanical system by means of

conservation of mass
ferential equations. The laws of
one to investigate the behavior o

differential equations.
Let us illustrate by a simple example. Consider a material particle of

mass m moving along an axis Ox, and let x denote its coordinate at the
instant of time r. The coordinate x will vary with the time, and knowledge
of the entire motion of the particle is equivalent to knowledge of the
functional dependence of x on the time 1. Let us assume that the motion
is caused by some force F, the value of which depends on the position of

the particle (as defined by the coordinate x), on the velocity of motion
dx/dr, 1). According to the

¢ = dx/dt and on the time ¢, ie., F = F(x,

laws of mechanics, the action of the force F on the particle necessarily
produces an acceleration w = dx/dr? such that the product of w and the
mass m of the particle is equal to the force, and so at every instant of the

motion we have the equation

dx _ dx 2)
m—s -F(.r.d’,r].
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This is the differential equation thy, 3
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s to reduce the mechanical prop
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Later in this t.:haplcr, the reader wj|| find
{he study of various physical processes can b:ther
of differential equations, redy,

The theory of differential equations pe
17th century, almost simultaneously with liﬂ to develgp the
and integral calculus. At the presen gjmea.t;mrancc of the
become powerful tool in the investigation ':_Tcr:miaj €quations py,
mechanics, astronomy, physics, and technolo, °hnatural Phenomen; l:.
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otion of heavenly bodies, Newton deduced lhl l:rcnual €quations of (e
discovered empirically by Kepler. In 1846 Levu:i WS of planetary motion
of the planet Neptune and determined its positi er predicted the existence
of a numerical analysis of the same equations 1on in the sky on the pasjs

To describe in general terms the F
equations, we first remark that cverl;r:ibf;‘:z;:illthc lhe_°l'y of differential
not one but infinitely many solutions; that is, the cquation hf“ ""{ general
functions that satisfy it. For example, the equ;lionr:)F Xistsan infinite set of
must be satisfied by any motion induced by the giv "‘r"hon for a particle
independently of the starting point or the initial vg:l:cn-l °r;-x Flx, dx/dt, 1),
motion of the particle there will correspond a pani:::ﬁr‘:imhd“mmc
x on time 1. Since under a given force F there be i ependence of
motions the differential ' iy Ay be, Sty may
solutions. equation (2) will have an infinite set of
mj:?i's?ff.r:r;;"al equation defines, in general, a whole class of functions
that SﬂliSfy lIi1 de‘ basic RFObICm c‘ifthc theory is to investigate the functions

enable usyt .f:' ifferential c_quanon. The theory of these equations must
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Important satis ying the equation, a requirement which is particularly
our ke in applying these equations to the natural sciences. Moreover,
function 5’3’ .;nust guarantee the means of finding numerical values of the
speak iat, 1 ;:ese are needed in the course of a computation. We wil
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re_n[jgf_gquaﬁgﬂ. The first three of the eqUa“‘On

rrial d!ﬂ-L i
called a partid d the last three are partial.

are ordinary an . ; .
The theory of partial differential equations _has many peculiar feq,
which make them essentially different from ordinary differentia) equauures
d in such equations will be presented jn the ::cn ;

Xt

The basic ideas involved in : !
chapter; here we will examine only ordinary differential equationg

Let us consider some examples.

Sjn (l]

The law of decay of radium says that the rate of decgy :
proportional to the initial amount of radium present. Suppose we kn):):
that a certain time 1 = 7o W€ had R, grams of radium. We want to know
the amount of radium present at any subsequent time /.

Let R(r) be the amount of undecayed radium at time . The rate of decay
is given by the value of — (dR/dr). Since this is proportional to R, we haye

Example 1.

dR
=g = kR, (3)

where k is a constant
In order to solve our problem, it is necessary to determine a function

from the differential equation (3). For this purpose we note that the
function inverse to R(r) satisfies the equation

dr L
dR ~ kR’ (4)

since di/dR = (1/dR)/dr. From the integral calculus it is known that
equation (4) is satisfied by any function of the form

r=—£[nR+C,

where C is an arbitrary constant. From this relation we determine Rasa

function of r. We have
R = e-H+¢C = Cie~™, (%)
st select one

From the whole set of solufions (5) of equation (3) we mu .
d by setting

which for 1 = 1, has the value R,. This solution is obtaine
CI = Roeh‘o'

From the mathematical point of view, equation (3) is the statemen!
of a very simple law for the change with time of the function R; it says that
the rate of decrease — (dR/dr) of the function is proportional 0 the lVB'Ul‘
of the function R itself. Such a law for the rate of change of 8 function *
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]

iisfied not only by the phenomena of 15
many other physical phenomena,

we find exactly the same law for the raze
example, in the study of the cooling of 5 bod;f ‘:::a
in the amount of heat in the body is proportion] ::[: the rat
the temperature of the body and the temperature ¢ difference between
medium, and the same law occurs in many other p of the surrounding
the range of application of equation (3)is vastly ‘zd?r";] processes, Thus

a

problem of the radioactive decay from which we than the particular
oblained the X
€quation,

radioactive decay byt also b
y

Example 2. Let a material point of a

. . . h m .
horizontal a:us‘O.x in a resisting medijum, r::ic:;:kmpwng.a]o"g the
s, under the influence of the elastic force of twe sP © In a liquid or a
Hooke's law (figure 1), which states that the elastic fg:;‘g:;llctUng under
S toward the

\"av,
o'o u'u' w.
- h

3%

m

r_, ]
0 2 W)
Fic. 1.

position of equilibrium and is proporti iati
equilibrium position. Let the ezuilii)l?r?;?a:ml:;u?: ::cmuon . l-he
x=0, Thcn the elastic force is equal to —bx where b >Ig 18 point
vel‘;\f;[\;lgfa:::lrinc lhlal the resistance of the medium is proportional to the
sien flicates tho:l, }:-'5-- CQUP] to “f’(dv‘/dl). where a > 0 and the minus
assumption a.bouﬂt t;aecr::is:ls::g g}e::um :ic"s a'gaim b ooy
From Newton's basic law that th: n;:o:jl:JTtlsconﬁmed T
it ¢ ic la of the mass of a material
ae ha:r:d Its acceleration is equal to the sum of the forces acting on it,

d'x dx
mﬁfz_b"_“z- 0

Th : .
at ::;h:nrum:“"" x(1), which describes the position of the moving point
investj tstam of “_mﬂ 1, satisfies the differential equation (6). We will

If, ing::dt-h-e solutions of this equation in one of the later sections.
by stl anotlr:lor;-to the forces mentioned, the .naterial point is acted upon
r ; . .

(6) takes the romt;rce. F outside of the system, then the equation of motion

dx dx
""*&.F':-—bx—a-;ﬁ+f" (6)
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Example 3. A mathematical pendulum is a material point of mass m,
suspended on a string whose length
will be denoted by /. We will assume
that at all stages the pendulum
stays in one plane, the plane of the
drawing (figure 2). The force tend-
ing to restore the pendulum to the
vertical position OA is the force
of gravity mg, acling on the
material point. The position of
the pendulum at any time 1 is
given by the angle ¢ by which it
differs from the vertical OA4. We
take the positive direction of ¢ to

x be counterclockwise. The arc
4 N 0 AA" = Ip is the distance moved by
L g the material point from the posi-
tion of equilibrium A. The velocity

R of motion v will be directed along

FiG. 2. the tangent to the circle and will
have the following numerical value:
p = Iﬁ.
dt

To establish the equation of motion, we decompose thf force of gravity
mg into two components Q and P, the first of which is directed along the
radius OA’ and the second along the tangent to the circle. Th‘c component
Q cannot affect the numerical value of the rate v, since clearly it is balanced
by the resistance of the suspension OA4". Only the component P can aﬂ'ﬂ?l
the value of the velocity v. This component always acts towart_:i the equi-
librium position A, i.e., toward a decrease in ¢, if the angle ¢ is posmvg,
and toward an increase in ¢, if ¢ is negative. The numerical value ol'_ Pis
equal to —mg sin é, so that the equation of motion of the pendulum is

mgdfll = —mgsiné
or
j_:?=—'%sin¢. M

It is interesting to note that the solutions of this equation canno'l I;
expressed by a finite combination of elementary functions. The s¢

.
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elementary functions is too small to give an exact description of even
such a simple physical process as the oscillation of a mathematical pen-
dulum. Later we will see that the differential equations that are solvable
by elementary functions are not very numerous, so that it very frequently
happens that investigation of a differential equation encountered in physics
or mechanics leads us to introduce new classes of functions, to subject
them to investigation, and thus to widen our arsenal of functions that
may be used for the solution of applied problems.

Let us now restrict ourselves to small oscillations of the pendulum for
which, with small error, we may assume that the arc A4’ is equal 1o its
projection x on the horizontal axis Ox and sing is equal 10 ¢. Then
¢ & sin¢ = x/l and the equation of motion of the pendulum will take
on the simpler form

dx g
Ji= o x (8)

Later we will see that this equation is solvable by trigonometric functions
and that by using them we may describe with sufficient exactness the “small
oscillations” of a pendulum,

Example 4. Helmholtz' acoustic resonator x
(figure 3) consists of an air-filled vessel V, the
volume of which is equal to v, with a cylindrical
neck F. Approximately, we may consider the air
in the neck of the container as cork of mass

m = psl, 9

where p is the density of the air, s is the area of

the cross section of the neck, and /s its length.

If we assume that this mass of air is displaced

from a position of equilibrium by an amount x. Fig. 3.

then the pressure of the air in the container

with volume v is changed from the initial value p by some amount which
we will call dp.

We will assume that the pressure p and the volume v satisfy the
adiabatic law pv* = C. Then, neglecting magnitudes of higher order, we
have

dp - v* 4 pket1 . dp = 0
and

dp= —kp— = - "Tx (10
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(In our case, A = sx.) The equation of motion of the mass of g, in
neck may be written as: the
d'x
m—— = dp ' s.
drt “l)

. 5 is the force exerted by the gas within the container g t
e

Here 4p
column of air in the neck. From (10) and (11) we get
dx _ kps
Plgp=—7"5 1)

where p, p, U, L Kk, and s are constants.

form (6) also arises in the study of
electric oscillations in a simple
R oscillator circuit. The circuit diagram

is given in (figure 4). Here on the left

we have a condenser of capacity C,

in series with a coil of inductance L,

c L and a resistance R. At some instant

-1- let the condenser have a voltage

Example 5. An equation of the

across its terminals. In the absence
of inductance from the circuit, the
current would flow until such time
as the terminals of the condenser
were at the same potential. The presence of an inductance alters the
situation, since the circuit will now generate electric oscillations. To find a
law for these oscillations, we denote by (1), or simply by v, the voltage
across the condenser at the instant 1, by J(r) the current at the instant {,
and by R the resistance. From well-known laws of physics, I(N)R remains
constantly equal to the total electromotive force, which is the sum of the
voltage across the condenser and the inductance — L(dl/dr). Thus,

dr (13)
dr’

Fic. 4.

IR=—v—L

r at time t. Then 1.hc
dQ|d. The potential

=

We denote by Q(r) the charge on the condense
cyrrent in the circuit will, at each instant, be equal to
difference 1(r) across the condenser is equal to Q(1)/C. Thus I =
C (dv/df) and equation (13) may be transformed into

d 3’9 (14)

LCH’—,-}-RC‘“—{-L':O.

g1, INTRODUCTION

Example 6. Thc. circuit diagram of
clw“omagneﬁc osc:!laﬁons is shown inat;lg:r[:c;ron.!ube generator of
consisting of a capacitance C, across a resistance g The oscillator circujt
represents the basic oscillator system, The uce 'R and an ind,, ui
the center of figure 5 form a so-called "feed‘; L"nnd the tube L,
of energy, namely the battery B, with the L-R.?' ' They connecy
of the tube, A .thc plate, and S the grid. In g, hclrcml; K is the
oscjllnlions" will arise. For any actua] smm? an LR
energy is'transfofmed into heat or is dissipated iﬂ an oscillatory state 1he
surrounding bodies, so that to maintain a statjo, nl; some other form 1o (e
is necessary 0 have an outside source of ener Ty state of oscillation jt
from other oscillatory processes in that to miin':jy' Self-9s¢,[hu°ns differ
state of the system the outside source does N a stationary oscillatory
A self-oscillatory §ystcm is constructed jn suc?{’l have to be periodic,
source of energy, in our case the battery wiJJu way that a constan;
oscillatory state. Examples of self-oscijlalolzy ; lf:amlam & Stationary
electric belJl, a string and bow moved by the h yslems are a clock, an
human voice, and so forth. and of the musician, the

39

a source
‘he cathode
C circuit “self.

o
Fia, 5. Fio. 6
G, 0.

The i i
current /(1) in the oscillatory L-R-C circuit satisfies the equalion

d
L—-I+Rl+v=Mﬁd"g.
!

dt (15)

Here p — 7
is the plntz( gulr;lhe voltage across the condenser at the instant 1, [,(1)
between the coilsr;,l through the coil L'; M is the coupling coefficient
5) contains th and L. In comparison with equation (13), equation

We will asst ® EXIR term M(d[.,n'd{)
IWeen the u? that the plate current /,(r) depends only on the voltage
&nd § and the cathode of the tube (i.e., we will neglect the
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is voltage is equal to the vojy

¢), so that this vo : a

reactance of lh: :rs‘eordc) The character of the fun'chonal depend

across the _c0: i: figure 6. The curve as sketched is usually taken
J,onvis give

cubical parabola an

8¢ 1(n)

ence ol

. . 10 be

4 we wrile an approximate equation for it by.
I" = + a,('l + aavn-

bstituting this into the right side of equation (15), and using (he fyq
Subsutu

that W )
i
we get for v the equation
dv
L1 (R~ M@, + 200 + 3ad] G £ =0 (i

i h for certain physical quantities
les considered, the searc ‘
h:;:a::}::riz::m:r a given physical process is reduced to the search for
‘s:o]utions of ordinary differential equations.

Problems in the theory of differential equations. We now give exact
d ﬁn'1ic:-;-;s An ordinary differential equation of order n in one unknown
efini .
function y is a relation of the form

FLx, p(x), y'(x), Y '(x), 5 y(x)] = 0 an
between the independent variable x and the quantities

. dy ey = A
.v(x).y‘{x)=%.y(x)=‘—{}—., Yx) = o

The order of a differential equation is the or'der of .the h:gr:ie::, d;:::t:;:
of the unknown function appearing in the dlﬂ'crcnua.l equa le; 5 a8
equation in example 1 is of the first order, and those in examples £, 5,
nd order. .

ani ?u:x::ctigg‘zxﬁ: called a solution of the differential ﬁua:i::gug?n‘:"
substitution of ¢(x) for y, ¢'(x) for y', -+, ¢™(x) for y™' P

identity. cdinary
l Prob);ems in physics and technology often lead toa Sys;r‘é‘e;’;&m o
differential equations with several unknown lfunc(nons,tello et argument.
the same argument and on their derivatives with respec > deal chiefly

For greater concreteness, the explanations that fo'llow N 2 the secon

with one ordinary differential equation of order not higher explain (e
and with one unknown function. With this example one may

gl JNTRODUCTION -
ial properties of all ordinary differen;
Gi_‘::l:[cguaﬂeons in which the number of unﬂi:ne
i number of equations.
Ihcw: have spoken earlier of the fact that,
yation has not one but an inﬁnile sel of solutions, | e
;’ist of all by intuitive considerations based on the ¢
tions (2-6). In each of these, the corresponding dj i .
fsq :;lrcady fully defined by the physical arrangem:ntgof ?::esr;:::n:q,;::c::
cach of these systems there can be many differen motions. For example
it is perfectly clear that the pent?ulum described by tquation (8) .:a'
oscillate with many different amplitudes. To each of these different oscil):
jations of the pendulum there corresponds a different solution of equation
(8), so that infinitely many such solutions must exis

i - 1t may be sh
equation (8) is satisfied by any function of the form own that

x = (, cos\/ﬁl + Cysin \/% 1, (18)

where C, and G, are arbitrary constants,

It is also physically clear that the motion of the pendul
completely determined only in case we are given, at some
the (initial) value x, of x (the initial displacement of the ma
from the equilibrium position) and the initial
Xy = (dx/dr) |¢~o . These intial conditions determine the
C, in formula (18).

In exactly the same way, the differential equations we have found in
other examples will have infinitely many solutions.

In general, it can be proved, under ver
the given differential equation (17) of o
that it has infinitely'many solutions, More precisely: If for some “initial
value” of the argument, we assign an “initial value™ to the unknown
function and to all of its derivatives through order n — 1, then one can
find a solution of equation (17) which takes on these preassigned initial
values. 1t may also be shown that such initial conditions completely
determine (he solution, so that there exists only one solution satisfying
the initia] conditions given earlier. We will discuss this question later in
hore detail. For our present aims, it is essential to note that the initial
Yalues of the function and the first n — | derivatives may be given
arbll'l.ra.rily- We have the right to make any choice of n values which define
& “initial stae” for the desired solution. )
of :‘;f’ Wwish to construct a formula that will if possible include all soluu.(r)‘n;

ifferentjal equation of order n, then such a formula must contai

quations apq of systems
OWn functions js tqual 10
as a rule, every differentja)
us illustrate this
Xamples given

um will be
instant ¢,
terial point
rate  of motion
constants C, and

y broad assumptions concerning
rder n in one unknown function
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ent arbitrary constants, which will allow us to impoge
conditions. Such solutions of a differential equation of order n, ¢
n independent arbitrary constants, are usug]ly called generq;

of the equation. For example, a general solution of (8) is giver by
(18) containing two arbitrary constants; a general solution of equ
given by formula (5). ‘

We will now try 10 formulate in very general outline the prob
confronting the theory of differential equations. These are map ems
varied, and we will indicate only the most important ones, Y and

If the differential equation is given together with its initial conditi
s solution is completely determined. The construction of formo;xs.
explicit form is one of the first problems of the lhe:, as
be constructed only in simple cases, but if they :y .
help in the computation and investigation of t;:

M initjy
nlain'ms
',m!""lofl.r
1":fr"'lula
alion (3)

independ

then it
giving the solutionin
Such formulas may
found, they are of great
solution.

The theory should provide a way to obtain some notion of the behavigr
of a solution: whether it is monotonic or oscillatory, whether it is periodic
odic function, and so forth.

Suppose we change the initial values for the unknown function and its
derivatives; that is, we change the initial state of the physical system, Then
we will also change the solution, since the whole physical process will
now run differently. The theory should provide the possibility of judging
what this change will be. In particular, for small changes in the initial
values will the solution also change by a small amount and will it therefore
be stable in this respect, or may it be that small changes in the initial
conditions will give rise to large changes in the solution so that the latter
will be unstable ?

We must also be able to set up a qualitative, and where possible,
quantitative picture of the behavior not only of the separate solutions of
an equation, but also of all of the solutions taken together.

In machine construction there often arises the question of making 8
choice of parameters characterizing an apparatus or machine that will
guarantee satisfactory operation. The parameters of an apparatus appear
in the form of certain magnitudes in the corresponding differential
equation. The theory must help us make clear what will happen t0
the solutions of the equation (to the working ©
we change the differential equation (change the paramé
apparatus). )

Finally, when it is necessary to carry out a computation, we will nﬂfd
to find the solution of an equation numerically. and here the theory wl]J
be obliged to provide the engineer and the physicist with the most rapi
and economical methods for calculating.the solutions.

or approaches a peri

ters of the

f the apparatus) if
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ar Differential Equations
§2. Line: with Constan¢
Coefficients

For certain important classes of grd; )
eneral solution may be expressed in te "T’":'z differe
One of these classes consists of those diﬂeremapkw
coefficients that are linear with respect o the
derivatives (in short, linear). The differentja] u
(14) are examples of such equations, A linea:q

neous if it has no term which does not con
and nonhomogeneous if there is such a term

Mial equationg the
ell_—known functions
€quations with constant
nkn_own function and its
uat:qns (3), (6), (8), and
€quation is cajled homo-
tain the unknown variable

Homogeneous linear equations of the

coefficients.  Such equations have the fomw order with ¢

dix | dx
mgﬁ-ra-d—,+bx=u' ©
where m, a, and b are constants. We will

. : as:
does not restrict the. generality, since we u“s::e.;::l sity
if need be bly changing the sign of all coefficients r“’}:{e this situation
which we will assume. » Provided that m 0,
We will look for a solution of this equation i
. , t
nential fl.!l'lCllOl'l e** and ask how the c::sl:rll??\ ;'};(::]:1 {:r“‘h of an expo-
the function x = e'! satisfies the equation. Putting x = af e
and d'x/d* = A%e'* in the left side of equation (6) we_zel = e

e(mAt 4 ad + b).

m is positive: this

Thus, in order that x(r) = &*! be i i i
ths, 18 order tha a solution of equation (6) it is necessary

mAt 4 aX 4+ b = 0. (19)
If A and A, are two real roots of i
. : . equation (19), then it is easy t
a solution of equation (6) is given by every function of lheyfo‘:xﬁro" o
x = Cieht + Cpe'tt, (20)

“’h;:]‘ C, and Cy are arbitrary constants.

o inol:ewe will show th..'n formula (20) gives all solutions of equation
e nm:uc that ¢quation (19) has distinct real roots.

6 the following important properties of the solution of equation

{:
) Ihe sum of two solutions is also a solution.
- A solution multiplied by a constant is also a solution.
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In case A, is 0 multiple root of equation (19), i.e., mAl + ad, + b = 0
and 2mA, < a ~ 0.* then a solution of equation (6) will also be given by
the function re't', since if we substitute this function and its derivatives
into the left side of equation (6) we get

e (mA} -+ ad, - b) 4 e(2m), - a),

which is seen from the previous equations to be identically zero.
The general solution of equation (6) in this case has the form

v o= Celv' 4 CyreMt'. (21

Now let equation (19) have complex roots. These roots will be complex
conjugates of cach other since m, a, and b are real numbers. Let A = o 4 i
The equation

mia ~ iB)* + ala + if) + b =0

15 equivalent 1o the two equations
mat — mf* + aa + b =0 and 2maf + aff = 0. (22)

It is casy to show that in this case the functions x = e cos fif gnd
x = e sin Bt are solutions of equation (6). Thus, for exgmple. putting
the function x(1) = e cos frand its derivatives in the left side of equation
(6), we gel
e cos Brimat — mB* 4 ax + b) — e*'sin fi(2maB + aB).

By equation (22) this expression is identically equal 1o zero
The general solution of equation (6), if equation (19) has complex roots,
has the form
x = C,e* sin fr + Cye*' cos 1, (23)

where €, and G, are arbitrary constants.
In this way, if we know the roots of equation (19), called the charac-
seristic equation, we can write down the general solution of equation (6).
We note that the general solution of a linear homogeneous equation of
order n with constant coefficients

d"x d"'x dx
GHEF Lﬂ.,|?—r:'_"l' 4 "-{‘ﬂlm+ﬂ°‘=0

may be written in a similar manner as a polynomial in exponential and

« The sum of the roots 4, and A, of the quadratic equation (19) is A, + A, = —a/m,
and if the roals are the same, that is A, < A, , then the second of the previous equations

js true.
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irigonometric functions, provided we know the roots of the algebraic

equation
4"+ By A gy = 0,

which again is called the characteristic equation. Thus, the problem of
integrating a linear ordinary differential equation with constant coefficients
is reduced to an algebraic problem.

We now show that formulas (20), (21), and (23) give all the solutions
of equation (6). We note that €, and C, in these formulas may always be
so chosen that the function x{1) salisfies arbitrary initial conditions
Mte) = Xp, X(fg) = x,. For this €, and C, need only 1o be determined
from the system of equations

Yo = Cyehs + Gy,
Xo = MGl 4 A Cpeltt

in the case of formula (20), or by two similar equations in the case of
formulas (21) and (23). Clearly, if there existed a solution of equation
(6) not contained among the solutions we have constructed, then there
would exist two distinct solutions of equation (6) satisfying the same
initial conditions. Their difference x,(¢) would not be identically zero and
would satisfy the zero initial conditions x,(rg) = 0, x(re) = 0. We will
show that a solution of equation (6) which satisfies the zero initial conds-
tions can only be x,(1) = 0. Let us first show this under the assumption
thatm > 0, a = 0, and b > 0. We multiply the two sides of the equation

1y
m%pﬂ#a%‘;—'lbt,LO (24)
by 2(dx,/dr). Since
dx, d'x d [ dx, b dx d
p oot Riatiiad QLR Bhaced § 3
1ot T df[dl' and 2v,(n a o

equation (24) may be put in the form

d dx, ¢ dy, ! d
alm ()] (G b b =0

Integrating this identity between 1, and 1, we get

d,' ! ol d) 8
m('-(-’:l’ + la -I t.(_l;'_) dr + h.\:ﬂ) =0

This equation is possible only if x,(1) = 0. Otherwise, for 1~ 15, we would
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clearly have a positive quantity on the left and zero on the right, with a
similar situation for 1 < 1, .

In order to establish our proposition for all constant coefficients m, a,
and b, we consider the function y,(r) = x,(1)e-=' which, as it is easy Lo
show, also satisfies the zero boundary condtions. If the value of a > 0 is
chosen sufficiently large, then the function y,(r) will satisfy some equation
of the form (6) for a >0, b > 0, and m > 0. This equation is easily
derived by substituting the function x,(1) = y,(f)e*' and its derivatives
into equation (6). Then, as was shown earlier, we have y,(r) = 0, which
means that x,(1) = y (e = 0.

Thus we have shown that formulas (20), (21), and (23) give all the
solutions of equation (6).

Let us see what information these formulas give about the character
of the solutions of equations (6). To this end we note the formulas

a at b
ha= — st 3

for the roots of equation (19). In accordance with the physical applications
which led us to equation (6), we will assume m >0, a >0, and b > 0.

Case 1. & > 4bm. The two roots of the characteristic equation (19
are real, negative, and distinct. In this case the function x(r) given by
by formula (20) is a general solution of equation (6.), All the funcm;ns
given by this formula together with their first derivatives l'cnd to zero for
{ — + oo, and there is no more than one value of 1 for which lhe'y vanish.
It follows that the function x(r) has no more than one maximum or
minimum. Physically, this means that the resistance of .lhe medium is
sufficiently large to prevent oscillations. The moving point cannol pass
through the equilibrium position x = 0 more than once. Frorq lhen'on.
after attaining a maximum distance from the point x = 0, it .w:.ll begin a
slow approach to the point but will never pass through it again.

Case 2. a' = 4bm. The two roots of equation (19) are equal to each
other and the general solution of equation (6) given by formula (21)
In this case again all solutions x(r) and their first derivatives tend to zero
for t — + oo. Here x(r) and x'(f) cannot vanish more than once. The
character of the motion of the material point with abscissa x(r) is the same
as in the first case.

Case 3. a® < 4bm. The roots of the characteristic equation (19) have
nonzero imaginary parts. The general solution of equation (6) is given by

el

§2. LINEAR DIFFERENTIAL EQUATIONS 127

formula (23). The point x performs oscillations along the x-axis with a
constant period 2m/B, which is the same for all solutions of (6), and with
amplitude Ce*', where a = —(a/2m).

The oscillations of a physical system which take place without the action
of an exterior force are called characteristic oscillations (cigenvibrations)
of the system. From the previous discussion, it follows that the period of
such oscillations for the systems discussed in examples 2, 3, 4 and 5,
depends only on the structure of the system and will be the same for
all oscillations which could possibly arise in it. In example 2 this period
is equal to 2aVb/m — a%/4m®; in example 4 to 2«Vkpsicpl: and
example 5 to 2=V T/LC — R¥4LE.

If @ = 0, i.e., if the medium offers no resistance to the motion, then
the amplitude of the oscillations is constant: the point oscillates harmoni-
cally. But if @ > 0, i.e., if the medium offers resistance to the motion,
although this resistance is small (a* < 4bm), then the amplitude of the
oscillations tends to zero and the oscillations die out.

Finally, the solution x(r) = 0 of equation (6) in all cases indicates a
state of rest for the point x at the position x = 0, which is called the
position of equilibrium.

If the real parts of both roots of equation (19) are negative, then it can
be seen from formulas (20), (21), and (23), that all the solutions of equation
(6), together with their derivatives, tend to zero for 1 — +a; that is, the
oscillations die out with the passage of time.

However, if the real part of even one of the roots of equation (19) is
positive, then there are solutions of equation (6) not tending to zero for
! — + o, so that some of the solutions of (6) would not even be bounded
for t —+ + oo, Such a case can occur only for negative b or negative a,
if m > 0. Physically, this would correspond to the case in which the
elastic force does not attract the point x to the equilibrium position but
repels it or else that the resistance of the medium is negative. Such cases
cannot be realized in the physical examples considered at the beginning
of this chapter, but they are entirely realizable in other physical models

I the real part of the roots A, and A, of equation (19) is equal to zero,
which is possible only if the coefficient a in equation (19) is zero, then for
a =0 the point x(r), as can be seen from formula (23), carries out
harmonic oscillations with bounded amplitude and bounded velocity.

Nonhomogeneous linear equations with constant coefficients. Let us
consider in detail the equation
d'x dx

,,,?F+az+bxf,4coswr. (26)
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This is the equation of linear oscillations of a material point under the
action of an elastic force, of the resistance of a medium and of an external
periodic force A cos wt (see equation (6') in §1).

Equation (26) is a nonhomogeneous linear equation and (6) is the corre-
sponding homogeneous equation.

We will now look for the general solution to equation (26).

We note that the sum of a solution of a nonhomogeneous equation and
a solution of the corresponding homogeneous equation is also a solution
of the nonhomogeneous linear equation. Thus, in order to find a general
solution of equation (26), it is sufficient to find any one particular solution.
The general solution of equation (26) will then be given in the form of
the sum of this particular solution and a general solution of the corre-
sponding homogeneous equation.

It is natural to expect that the motion will follow the rhythm of the

external periodic force and to look for a particular solution of equation
(26) in the form x = B cos (wf + 8), where B and 8 are as yet undeter-

mined constants. We will attempt to determine B and 8 in such a way that
the function x — Bcos (wt + 8) will satisfy equation (26). Calculating the
derivatives dx/di — — Bes sin (w! + 8) and d*x/dr* = — Be* cos (w! + 8)
and substituting them into equation (26), we get
m[ — Buw? cos (wr + 8)] + a[— Bw sin (wl + 8))
+ bBcos (wt + 8) = A cos wl.
Applying well-known formulas, we have

Bl(b — mw?) cos (w! + 8) — aw sin (wl + 8)]
= BV(b — mw?) + a'w®cos (wr + 8') = Acoswl,
where & — & + y and y = arc lan aw/(b — mw?). Obviously, if we set
A

aw _ i )
6 = —arctan p—— and B Vb = maty & dw
the function x = B cos (wr + &) will satisfy equation (26). .

A solution of the form B cos (wt + 8) will always exist if (b — mw '
aw? # 0. Incase (b — mw®)? ~ atw? = 0,ie., whena = Oand b = mur,

equation (26) has the form
m %: + mwix = A cos wl.

A particular_solution in this case, as is easily established, 15
x = (A1/2 vV'mb ) sin wr.
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Solutions of the nonhomogeneous equation (26) are called forced
oscillations, The multiplier f{w) = 1/v/(b — ma®)* = d'wi characterizes
the relation of the amplitude B of the forced oscillation 1o the amplitude 4
of the disturbing force. The graph of the function ¢(w) is called the
resonance curve. The frequency w for which ¢(w) attains its maximum is
called the resonant frequency. Let us calculate it. If ¢(w) attains the
maximum al w, 7 0, then for this value of w the derivative ¢'(w) vanishes,
e, — 4(b — mw}) mw, + 2a*w, = 0, 50 that w, — vb/m — a@"3m*. For
this value of w,

1
A = o aim —avram

Hence it can be seen that the amplitude of the forced oscillation for
w = wy is greater for smaller values of a. For very small a, the frequency
w, is very close to the value v/b/m, ie., 10 the frequency the [ree oscil-
lations. Fora = 0 and b = mw?, as we saw, the forced oscillation has the

form
At

2 vVmb

i.e., the amplitude of this oscillation increases beyond all bounds as
I+ + @, a situation which represents the mathematical meaning of
resonance. Resonance will occur if the period of the external force is the
same as the period of one of the characteristic oscillations of the system

In the practical world, in cases where the period of the external force and
the period of the characteristic oscillations are close together, the
displacements of the system may become extremly large.

The possibility of large oscillations is often made use of in the con-
struction of various kinds of amplifiers, for example in radio technology.
But large oscillations may also lead to the breaking up of structures such
as bridges or the framework of machines. Thus it is very important to
foresee the possibility of resonance or of oscillations close to it.

from the remarks made earlier, any solution of equation (26) can be
wrillen as a sum of the forced oscillation we have found and of one of
the solutions of the homogeneous equation given in formulas (20), (21).
and (23). For a > O and b > 0 the solution of the homogeneous equation
tends to zero for 1 — + oo, je., any motion eventually approximates the
forced oscillations. Ifa = Oand b — 0, the forced oscillation is superposed
on a nondecaying characteristic oscillation of the system. For b = mu’
and a = 0, we have resonance.

I a periodic external force f(r) is imposed on the sytem, the forced
oscillations of the system may be found in the following manner. We

sin wli,
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sent f(1) with sufficient exactness as a segment of a m’gonometric
may repre

series”® )
Y, (acos wit + bysin wil). @)

i=1

illati ding to each term of this gy
orced oscillations correspon . m
Let us : “gslg?lclaftion corresponding to the force f(r) will be found by adding
Thcn': °the oscillations corresponding to the various terms of the sym
l;%‘ ;:ny of these frequencies is identical with the frequency of a charac.
L:rils‘h'c oscillation of the system, we will have resonance.

§3. Some General Remarks on the Formation and Solution of
- Differential Equations

i ial equations with the property that all

Thcre - :‘:;:1 ;:ing:i:?g]pligmy in terms of simple functions, as
.lhﬂr soluucfmr linear equations with constant coefficients. It is possible to
1si\::‘cslic::]:lu:mc:mmples of differential equations whose general splunon
gannol be expressed by a finite number of integral of known functions, or
aSAO:eLSi?){::ﬂllt c::;ivr:éu;:sﬁﬂ, the solution of the Riccati eo:;uatic;‘:1 '(:el'
the form dy/dx + ay* = x*, for a > 0, cannot be _exvrelwds*::n ;omjnt
combination of integrals of elementary functions. So n_becom; il
to develop methods of approximation to the solutions 0“0“s
equations, which will be applicable to wide classes' of equa " Apprmu‘-

The fact that in such cases we find not exact solutions but 0 ysolutions
mations should not bother us. First of all, lhesel appro:umﬂ;ef il
may be calculated, at least in principle, to any desired .degrﬂ: i equations
Second, it must be emphasized that in most cases the differen lxact o can
describing a physical process are lhcmscllves not altogether exact,
be seen in all the examples discussed in §1. . or the

An especially good example is provided by the .Cquauo":'felzzol;“pns,
acoustic resonator. In deriving this equation, we lgnowdﬁon of the air
sibility of the air in the neck of the container and t!'le mf;‘ \he air in the
in the container itself. As a matter of fact, the motion 0 { these WO
neck sets into motion the mass of the air in the vessel, l:"‘le neck 1
motions have different velocities and displacements. In an in the
displacement of the particles of air is considerably Bf““';maiﬂcr' -
container. Thus we ignored the motion of the air in the ©

* Cf. Chapter XII, §7,
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100k account only of its compression. For the air in the
we ignored the energy Of 1ts compression and took acco
kinetic energy of;ts mot.mn. '

To derive the differential eqt{atlon for a physical pendulum, we ignored
the mass of the string on Which it hangs. To derive equation (14) for
clectric oscillations in a cm:yu. we ignored the self-inductance of the wiring
and the resistance of the coils. In general, to obtain a differential equation
for any physical process, we must always ignore certain factors and idealize
others. In view of this, A. A. Andronov drew especial attention to the
fact that for physical investigations we are especially interested in those
differential equations whose solutions do not change much for arbitrary
small changes, in some sense or another, in the equation

neck, however,
unt only of the

deserve particularly complete study. .

It should be stated that in physical investigations not only are the
differential equations that describe the laws of change of the physical
quantities themselves inexactly defined but even the number of these
quantities is defined only approximately. Strictly speaking, there are no
such things as rigid bodies. So to study the oscillations of a pendulum,
we ought to take into account the deformation of the string from which
it hangs and the deformation of the rigid body itself, which we approxi-
mated by taking it as a material point. In exactly the same way, to study
the oscillations of a load attached to springs, we ought to consider the
masses of the separate coils of the springs. But in these examples it is easy
to show that the character of the motion of the different particles, which
make up the pendulum and its load together with the springs, has little
influence on the character of the oscillation. If we wished to take this
influence into account, the problem would become so complicated that
We would be unable to solve it to any suitable approximation. Our solution
%ould then bear no closer relation to physical reality than the solution
given in §1 without consideration of these influences. Intelligent idealiza-
ton of a problem is always unavoidable. To describe a process, it is
N€cessary to take into account the essential features of the process but by
10 means to consider every feature without exception. This would not
only complicate the problem a great deal but in most cases would result
L" the impossibility of calculating a solution. The fundamental prol?lz;l
ﬁndphyms or mechanics, in the investigation of any Ph’ﬂ?mnmm
mr!:;: Smallest number of quantities, which \yxth suﬂ‘me;l o
s sﬂ' the state of the phenomenon at any given mozm;uéﬁpﬁons of
the |y UP the simplest differential equations that are go ooy s often
very ‘;’j's Boverning the changes in these quantities. This pr hiE oW

Wicult. Which features are the essential ones and whic

; s themselves, ;""" :
Such differential equations are called “intensitive.” These equations | /1
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essential is a question that in the final analysis can be decided only by long
experience. Only by comparing the answers provided by an idealized
argument with the results of experiment can we judge whether the idealiza-
tion was a valid one.

The mathematical problem of the possibility of decreasing the number
of quantities may be formulated in one of the simplest and most charac-
teristic cases, as follows.

Suppose that to begin with we characterize the state of a physical system
at time ¢ by the two magnitudes x,(r) and x(r). Let the differential
equations expressing their rates of change have the form

d: .

*E‘;“ = filt, Xy, xq),

d (28)
« —E"—' = foll, Xy Xp),

In the second equation the coefficient of the derivative is a small constant
parameter . If we put € = 0, the second of equations (28) will cease 10 be

a differential equation. It then takes the form
Salt, Xy, xy) = 0.

From this equation, we define x, as a function of r and x, and we subslilpic
it into the first of the equations (28). We then have the differential equation

%? = F(t, x,)

for the single variable x, . In this way the number of parameters entering
into the situation is reduced to one. We now ask, under what conditions
will the error introduced by taking ¢ = 0 be small. Of course, it may
happen that as € — 0 the value dxg/dt grows beyond all bounds, sc! that
the right side of the second of equations (28) does not tend to zero as

«— 0.

§4. Geometric Interpretation of the Problem of
Integrating Differential Equations; Generalization of the Problem

For simplicity we will consider initially only one differential equation
of the first order with one unknown function

dy
- = ; (29)
7 = fean,

where the function f{x, y) is defined on some domain G in the (x, ¥) plane.
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This equation determines at each point of the domain the slope of the
tangent to the graph of a solution of equation (29) at that point. If at each
point (x, y) of the domain G we indicate by means of a line segment the
the direction of the tangent (either of the two directions may be used) as
determined by the value of f(x, y) at this point, we obtain a field of direc-
tions. Then the problem of finding a solution of the differential equation
(29) for the initial conditon y(x,) = y, may be formulated thus: In the
domain G we have to find a curve y = ¢(x), passing through the point
Mlx,, ){.,), which at each of its points has a tangent whose slope is given
by equation (29), or briefly, which has at each of its points a preassigned
direction.

From the geometric point of view this statement of the problem has
two unnatural features:

1. By requiring that the slope of the tangent at any given point (x, y)
of the domain G be equal to f{x, y), we automatically exclude tangents
parallel to Oy, since we generally consider only finite magnitudes; in
particular, it is assumed that the function f{x, y) on the right side of
equation (29) assumes only finite values.

2. By considering only curves which are graphs of functions of x, we
also exclude those curves which are intersected more than once by a line
perpendicular to the axis Ox, since we consider only single-valued func-
tions; in particular, every solution of a differential equation is assumed to
be a single-valued function of x.

S0 let us generalize 1o some extent the preceding statement of the
problem of finding a solution to the differential equation (29). Namely,
we will now allow the tangent at some points to be parallel to the axis Oy.
Al these points, where the slope of the tangent with respect to the axis
Ox has no meaning, we will take the slope with respect to the axis Oy,
In other words, we consider, together with the differential equation (29),
the equation

d.
;: = filx, »), (29

where f.(x: ») = Lf(x, ), if fix, ) % 0, using the second equation when
the ﬁrsl Is meaningless. The problem of integrating the differential
¢quations (29) and (29') then becomes: In the domain G to find all curves
h.?vmg at each point the tangent defined by these equations. These curves
Will be called integral curves (integral lines) of the equations (29) and
(29) or of the tangent field given by these equations. In place of the
Plural “equations (29), (29')", we will often use the singular “‘equation
[2_9). (29", 1t is clear that the graph of any solution of equation (29)
Will also be an integral curve of equation (29), (29'). But not every integral
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: "y will be the graph of a solution
curve of equation (29), (29" wi g y of equayj
(29). This case will occur, for example, if some perpendicular to the alu‘n
Ox intersects this curve at more than one point. Xis
In what follows, if it can be clearly shown that

_ M(x,y)
ﬂX.}’) E= N(x, y‘) »

then we will write only the equation

dy _ Mx, )

dx  Nx, )N’
and omit writing

dx _ Nx,»)

dy M(x,»)’

Sometimes in place of these equations we introduce a parameter 1, and
write the system of equations

dx _ dy
—d—f - N(I, }')- d’ - M(x! .V)-
where x and y are considered as functions of 1.

Example 1. The equation
dy

s 30
o (30)

=7
x
n. This tangent field

defines a tangent field everywhere except at the origi
equation (30) pass

is sketched in figure 7. All the tangents given by
through the origin.
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Ju is clear that for every k the function

335

y=kx
. " (€2)]
is a solution of equation (30). The collection of all integral curves of th;
S of this

equation is then defined by the relation

ax + by = 0,

where a and b t:_re arbitrary constants, not both zero,
integral curve of equation (30), but it is not ' :

s.-fu equation (30) does not define a mn‘:ﬂf’z]‘; Onfla! ;oluulm'l of it.
curves (31) and (32) are, strictly speaking, integral mme origin, the
except at the origin. Thus it is more correct to say that the i :ueverywhm
of equation (30) are not straight lines passing through th Sﬂfl_curves
half lines issuing from it. gh the origin but

(32
The axis Oy is an

Example 2. The equation
dy x

&= "5 )
defines a field of tangents everywhere except at the origin, as sketched in
ﬁg:re 8. The tansepts defined at a given point (x, y) by equations (30)
and (33) are perpendicular to each other. It is clear that all circles centered

at the origin will be integral curves of equati
e v ion (33). H i
of this equation will be the functions 4 (- However the solutions

y=++vR —x\y= —+R —xI, —-R<x <R

lhr[:::r :I;ehv“y i.n what fouows we will sometimes say “a solution passes
priy El 1€ point (x, )" in place of the more exact statement “the graph
solution passes through the point (x, y)."

s,
§ g:tmmd Uniqueness of the Solution of &
erential Equation; Approximate Solution of Equations

i, on of existence and uniqueness of the solution of a differential
_We return to the differential equation ( 17) of arbitrary order .
from g th“ has '_“ﬁ"i“!ly many solutions and in order that we may pick
ltach 1o t:epomblf solutions some one specific one, it is necessary t0
Which g, equation some supplementary conditions, the number of

ould be equal to the order n of the equation. Such conditions

Generally,
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may be of extremely varied charactlell-, depending on the physica]
ical, or other significance of the original p_roblem. For example,
to investigate the motion of a mechanical system beginning With sop,
specific initial state, the supplementary i:ondmons will refer to g Speciﬁe
(initial) value of the independent variable and will be calleq inilia‘;
conditions of the problem. But if we want to define the curye of a
cable in a suspension bridge, or of a loaded beam resting on Supports a¢
each end, we encounter conditions corresponding to different vajye, of
the independent variable, at the ends of the cable or at the points of support
of the beam. We could give many other examples showing the variety of
conditions to be fulfilled in connection with differential equations,

We will assume that the supplementary conditions have been defined
and that we are required to find a solution of equation (17) that satisfies
them. The first question we must consider is whether any such solution
exists at all. It often happens that we cannot be sure of this in advance.
Assume, say, that equation (17) is a description of the operation of some
physical apparatus and suppose we want (o determine whether periodic
motion occurs in this apparatus. The supplementary conditions will
then be conditions for the periodic repetition of the initial state in the
apparatus, and we cannot say ahead of time whether or not there will
exist a solution which satisfies them.
~In any case the investigation of problems of existence and uniqueness
of a solution makes clear just which conditions can be fulfilled for a given
differential equation and which of these conditions will define the solution
in a unique manner. But the determination of such condiliqns and ?he
proof of existence and uniqueness of the solution for a differential equation
corresponding to some physical problem also has great valw_: for !hc
physical theory itself. It shows that the assumptions adopted in setting
up the mathematical description of the physical event arc on the one
hand mutually consistent and on the other constitute a complete descrip-
tion of the event, irold. bt

The methods of investigating the existence problem are maniloid, aod
among them an especially important role is played by \.vhal ml’ctf::n s
direct_methods. The proof of the existence of the rcquand solu lrovcd
provided by the construction of approximate solutions, which 3":0125 ol
to converge to the exact solution of the problem. These mc'ld Y,
only establish the existence of an exact solution, but also provide
in fact the principal one, of approximating it to any
accuracy. - £ et

For the rest of this section we will consider, for the sake o o
a problem with initial data, for which we will illustrate the ideas
method and the method of successive approximations.

» N'Iecha,,_
il we haye

niteness:
[ Euler’s

desired degree of
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Euler’s method of broken lines. Cons

ider j ,
(x, ) plane the differential equation €7 In some domain G of the
dy
e = fx, ).
dx (34)

) defines in G 5 field
v of tangents
ough it there wij) Ppass a sui':i:ht.

As we have already noted, equation (34
We choose any point (x,, ¥,) of G. Thr
line L, with slope f(xy, yo).
On the straight line L, we
choose a point (xy, ¥;), suf-
ficiently close to (x4, ¥o); in
figure 9 this point is indic-
ated by the number 1. We
draw the straight line L,
through the point (x,, y,)
with slope f(x,, ;) and on
it mark the point (x,, y,);
in the figure this point is
denoted by the number 2.
Then on the straight line L,
corresponding to the point (x,, y,) we mark the point (x,, y,), and
continue in the same manner with x, < X< Xy < Xy < e g i"i.aS:l.‘lmcd
of course, that all the points (x,, y,), (x, 7y (X pe), -+ are in lhé
domain G. The broken line joining these points is called an Euler broken
line. One may also construct an Euler broken line in the direction of
defm‘“g‘s x; the corresponding vertices on our figure are denoted by

Itis reasonable to expect that every Euler broken line through the point
(xa.y.,) with sufficiently short segments gives a representation of an
Integral curve / passing through the point (x,, y,), and that with decrease
in the length of the links, i.e., when the length of the longest link tends to
zero, the Euler broken line will approximale this integral curve.

Here, of course, it is assumed that the integral curve exists. In fact it is
Eol hard 10 prove that if the function f(x, y) is continuous in the domain
lh' °|"° may.ﬁnd an infinite sequence of Euler broken lines, the length of

¢ largest links tending to zero, which converges to an integral curve /
se:‘::vcr‘ one usually cannot prove uniqueness: there may exist different
passinﬂ;f'shuf Euler broken lines that converge 1o different lnlcgmilc‘ff;“
construcy cflough one andllhc same point (Xo l.y,)- M. A. Law;';t H:ha;
‘-‘Ominu(,e ran e)ltample of a dnfrercnll_aI eQuatlgn of the forrF’( )\*:lm ;
Of the d:s unction f(x, y), such that in any nclghborhood_o dl'f); pol

main G there passes not one but at least two integral curves.

Fig. 9,
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ugh every point of the domain G there pass only
¢ necessary to impose on the function fx, y) cel.‘or}e
t of continity. It is sufficient, for example, to assumn
that the function flx,y) is contifiuous and has a bounded derivatjye w?:;
respect to y on the whole domain G. In this case it may be proved tpy
through each point of G there passes one and only one integral curve ang
that every sequence of Euler broken lines passing through the point (x, »
converges uniformly 10 this unique integral curve, as the length of . h.e
he broken lines tends to zero. Thus for sufficiently smaj)

longest link of t
links the Euler broken line may be taken as an approximation lo the

integral curve of equation (34).
From the preceding it can

In order that thro
integral curve, it 1
conditions beyond tha

be seen that the Euler broken lines are so
constituted that small pieces of the integral curves are replaced by line
segments tangent 10 these integral curves. In practice, many approxima-
tions to integral curves of the differential equation (34) consist not of
straight-line segments tangent 10 the integral curves, but of parabolic
segments that have a higher order of tangency with the integral curve.
In this way it is possible to find an approximate solution with the same
degree of accuracy in a smaller number of steps (with a smaller number of
links in the approximating curve). The coefficients of the equation for
the (higher order) parabela

+oaylx — xp) + aglx — X+ o+ ax — x)"
gency with the integral
given by the following

y =4 (35)

which at the point (x,y:) has nth-order tan
curves of equation (34) through this point, are

formulas:

g = Vi» (36)

d 4

01 = (_d%'J:-l. = ﬂxk ’ .vl')v (36 )
d d , dy

2a, = 7&-"_'_)‘_'. - [_f_%‘x_ﬂ e filxx s v) + Solxe s i) (;;),_2.

(36"

= flxe, 1¥) + fxe s Yi) f(Xxs Vi)

ban = (5] _ = [ ) + i O yol
= fitxe, ) + Yk, ) S0xn s 20

o A AYTAC S AR A yi) flxes 70

+ filres 7 e ) 06"
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omial (35) is needed only in o .
¢ = Xrar o THE ac‘;ugl _\;rahlucs of 1heycocﬂicrii::15u;:°::i":= its vah:; for
ves are not needed. There are many w 1, @y, "y @y them-
id:—- xiy Of the poly.nomial (35) whos}; c::%;:m]::tl? the value for
(36), without computing the coefficients ay , a, , -, q lh:ln:el: by formula
Other approximation methods exist for ﬁnding.the sol o
differential equation (34), which are based on other ideas, O ution of -lhe
hod was developed by A. N. Krylov (1863-1945), . One convenient

The polyn

mel

The method of .successlve.approximatiom. We now describe a
method of successive a.pproxlmalion, which is as widely used as th e
of the Euler broken lines. We assume again that we are r:quire:IT:tgo:
a solution p(x) of the differential equation (34) satisfyi initi .
- ) ying the initial condi-

Mxe) =y
For the initial approximation to the function y(x)
| imatio , we take an arbi

ru.nf:llon y,,(xj). For simplicity we will assume that it also sat:'srﬁcls"lahrz
Jr_uual _condzuon, although this is not necessary. We substitute it into the
right side f(x,. ») of the equation for the unknown function y and construct
a first approximation y, to the solution y from the following requirements:

dy,

v =T 0l i) = o
fincclthcrc is a kn_own function on the right side of the first of these
quations the function y,(x) may be found by integration:

n® = yo+ [ Sl vl

i'to(r:;izobeese:iicet?d ll:al »lx) wil.} differ from the solution y(x) by less than
sqlietios ;m"‘ lnh' e construction ol'y,(.f) we made use of the differential
original ap ro' 'W th should probably introduce a correction into the
frst appro x?ma):{mallon. _One would also think that if we improve the

ion y,(x) in the same way, then the second approximation

Volx) = yo -+ f ’ STt w(n) de

will i
clt’cusml closer to the desired solution.
indeﬁnits|assumc that this process of improvement has been continued
¢ly and that we have constructed the sequence of approximations

Yo(X), pr(%), s yalX) 0
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Will this sequence converge to the solution y(x)?

More detailed investigations show that if f{x, y) is continuous and f, is
bounded in the domain G, the functions y,(x) will in fact converge to the
exact solution y(x) at least for all x sufficiently close to x, and that if we
break off the computation after a sufficient number of steps, we will be
able to find the solution y(x) to any desired degree of accuracy.

Exactly in the same way as for the integral curves of equation (34),
we may also find approximations to integral curves of a system of two or
more differential equations of the first order. Essentially the necessary
condition here is to be able to solve these equations for the derivatives of
the unknown functions. For example, suppose we are given the system

% = filx, y, 2), Z—i = fdx, y, 2). (37

Asuming that the right sides of these equations are continuous and
have bounded derivatives with respect to y and z in some domain G in
space, it may be shown under these conditions that through eacl'? poil:lt
(Xg+ Vo . 2o) Of the domain G, in which the right sides of the equations in
(37) are defined, there passes one and only one integral curve

y=@Hx), z=4(x)
of the system (37). The functions fy(x, y, z) and fy(x, y, z) give the direch.on
numbers at the point (x, y, z), of the tangent to the integral curve passing
through this point. To find the functions ¢(x) and y(x) ﬂppromm‘alf_:iy.
we may apply the Euler broken line method or other methods similar
to the ones applied to the equation (34). ) ‘

The process of approximate computation of the solution _of ordinary
differential cquations with initial conditions may be carried out on
computing machines. There are electronic machines that work so rapldly
that if, for example, the machine is programmed to compute the trajectory
of a projectile, this trajectory can be found in a shorter space time than 1t
takes for the projectile to hit its target (cf. Chapter XIV).

The connection between differential equations of various orders and #
system of a large number of equations of first order. A systcm of or-
dinary differential equations, when solved for the derivative of highest
order of each of the unknown functions, may in general be reduced, by
the introduction of new unknown functions, 1o a system of equations o
the first order, which is solved for all the derivatives. For example, consider
the differential equation

dry dy 3¥)
d—;=f[xyy.-‘?);_). {

el
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We sel
¢

Then equation (38) may be written in the form
dz
& = =0 (40)

Hence, 1o every solution of equation (38) there corresponds a solution
of the system consisting of equations (39) and (40). It is easy to show that
to every solution of the system of equations (39) and (40) there corresponds
a solution of equation (38).

Equations not explicitly containing the independent variable. The
problems of the pendulum, of the Helmholtz acoustic resonator, of a
simple electric circuit, or of an electron-tube generator considered in §1
lead to differential equations in which the independent variable (time)
does not explicitly appear. We mention equations of this type here, because
the corresponding differential equations of the second order may be
reduced in each case to a single differential equation of the first order
rather than to a system of first-order equations as in the paragraph
above for the general equation of the second order. This reduction greatly
simplifies their study.

Let us then consider a differential equation of the second order, not
containing the argument ¢ in explicit form

dx dx
F(X.E.F)r- (41)
We set
dx
i ¥ (42)
and consider y as a function of x, so that
dix _ddoy v dvode
at T A V) T W dx oar T Vax
Then equation (41) may be rewritten in the form
dyy _
F(xy =) =0 (43)

|_n this manner, to every solution of equation (41) there corresponds a
unique solution of equation (43). Also to cach of the solutions y = ¢(x)
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of equation (43) there correspond infinitely many solutions of equation
(41). These solutions may be found by integrating the equation

d
Z = . (44)

where x is considered as a function of 1.

It is clear that if this equation is satisfied by a function x = x(r), then
it will also be satisfied by any function of the form x(r + 1,), where 1, is
an arbitrary constant.

It may happen that not every integral curve of equation (43) is the graph
of a single function of x. This will happen, for example, if the curve is
closed. In this case the integral curve of equation (43) must be split up
into a number of pieces, each of which is the graph of a function of x.
For every one of these pieces, we have to find an integral of equation (44).

The values of x and dx/dr which at each instant characterize the state
of the physical system corresponding to equation (41) are called the
phases of the system, and the (x, ») plane is correspondingly called -Ihe
phase plane for equation (41). To every solution x = x(r) of this equation
there corresponds the curve

x = x(1), y = x'"(1)
in the (x, y) plane; 1 here is considered as a parameter. Conversely, 10
every integral curve y = ¢(x) of equation (43) in the (x, y) plane there
corresponds an infinite sct of solutions of the form x = x(+ + 1) for
equation (41); here 1, is an arbitrary constant. Information about l!le
behavior of the integral curves of equation (43) in the plane is casily
transformed into information about the character of the possible solutions
of equation (41). Every closed integral curve of equation (43) corresponds,
for example, to a periodic solution of equation (41).
If we subject equation (6) to the transformation (42), we obtain

dy _ —ay —bx (45)
dx my
Setting v = x and dv/dt = y in equation (16), in like manner we get
L:_,;= -lR—M(a.+2t;.X+3a.x')]y—I. (46)

Just as the state at every instant of the physical system corresponding ‘f
the second-order equation (41) is characterized by the two magnitudes

"% The values of d'x/dr*, d*x/dr", -~ at the same instant of time are defined by the
values of x and dx/dr from equation (41) and from the equations obtained from (43)
by differentiation (cf. formula (36)).

el
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(phases) x and y = dx/di, the state of a physical system descri

¢ ) scribed b
equations of higher order or by a system of differential equations .’3_.:
characterized by a larger number of magnitudes (phases). Instead of a
phase plane, we then speak of a phase space.

§6. Singular Points

Let the point P(x, y) be in the interior of the domain G i i
consider the differential equation . Bk

dy  Mix,y)
ax = NMx ) 3 (47)
ilf there exists a neighborhood R of the point P through each point of
which passes one and only one integral curve (47), then the point P is
called an ordinary point of equation (47). But if such a neighborhood does
not exist, lAhen the point P is called a singular point of this equation. The
sl‘udy oI: singular points is very important in the qualitative theory of
dnﬂ’ere!mnl equations, which we will consider in the next section.
_leculnrly important are the so-called isolared singular points, i.e.
s,n;uhr points in some neighborhood of each of which there are no 'olhc;
im;ul_u points. In applications one often encounters them in investigating
aqul-llonl of the form (47), where M(x, y) and N(x, ») are functions with
conm_luoul derivatives of high orders with respect to x and y. For such
equations, all the interior points of the domain at which M(x, y) # 0 or
N(x, y) # 0 are ordinary points. Let us now consider any interior point
(X0, ¥o) where M(x, y) = N(x, ¥) = 0. To simplify the notation we will
luum_e ’hll xo = 0and y, = 0. This can always be arranged by translatin
the original origin of coordinates to the point (x, , y,). Expanding M(x g
::d }'V(x. ») by Taylor's formula into powers of x and y and rvnn‘cl;:g
po::: :Sll;)c: terms of the first order, we have, in a neighborhood of the

dy _ MJA0,0)x + MU0,0)y + é,(x, y)
dx  N(0,0)x + N(0,0)y + §,(x,») °

(48)

where ¢,(x, y) and $(x, ) are functions of x and y for which

¢ (x, y) : s
L.g_fh?. =0 and ?E%‘i%zo.
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Equations (45) and (46) are of this form. Equation (45) does not define
cither dy/dx or dx/dy for x = 0 and y = 0. If the determinant

M:(0,0) M(0,0)
N.0,0) N(0,0)

#0,

then, whatever value we assign to dy/dx at the origin, the origin will be a
point of discontinuity for the values dy/dx and dx/dy, since they tend to
different limits depending on the manner of approach to the origin.
The origin is a singular point for our differential equation.

It has been shown that the character of the behavior of the integral
curves near an isolated singular point (here the origin) is not influenced
by the behavior of the terms ¢,(x, ¥) and ¢y(x, y) in the numerator a_nd
denominator, provided only that the real part of both roots of the equation

A MY0.0)  —MA0,0| (49)
— N(0,0) A — N.(0,0)

is different from zero. Thus, in order to form some idea of this behavi_orn.
we study the behavior near the origin of the integral curves of the equatio

dy _ ax + by (50)
dx ~ cx +dy

for which the determinant
a b
| ¢ dl 0.

We note that the arrangement of the integral curves in the neighborhood
of a singular point of a differential equation has great interes ft?r mlp{
problems of mechanics, for example in the investigation of the trajectorie
of motions near the equilibrium position.

It has been shown that everywhere in the plane it is possible 10 choos¢
coordinates §, , connected with x, y by the equations

X =kt + kyn, (s1)
y kuf + k“f),
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where the k,, are real numbers such that equation (50) ;s tranformed into
one of the following three types:

dn _  n A
1) df_ f(-é, where &k = —Af (52]
ydn_ £+
" (53)
1) dy _ B¢+ an
€~ af —PBn (34)
Here A, and A, are the roots of the equation
c—A d
a b-Al=0 (59)

If these roots are real and different, then equation (50) is transformed into
the form (52). If these roots are equal, then equation (50) is transformed
cither into the form (52) or into the form (53), depending on whether
a' + 4" = 0 or a® 4+ d* = 0. If the roots of equation (55) are complex,
A = a 4 Bi, then equation (51) is transformed into the form (54).

We will consider each of the equations (52), (53), (54). To begin with,
we note the following.

Even though the axes Ox and Oy were mutually perpendicular, the axes
O¢ and On need not, in general, be so. But to simplify the diagrams, we
will assume they are perpendicular. Further, in the transformation (51)
the scales on the O¢ and On) axes may be changed; they may not be the
same as the ones originally chosen on the axes Ox and Oy. But again
for the sake of simplicity, we assume that the scales are not changedl
Thus, for example, in place of the concentric circles, as in figure §
there could in general occur a family of similar and similarly placed ellipsesl
with common center at the origin.

All integral curves of equation (52) are given by a relation of the form

am+bEt =0,

where a and b are arbitrary constants.
The integral curves of equation (52) are graphed in fi
gure 10; he
we haye assumed that k > 1. In this case all integral curves emp'l’to:e
the axis O, are tangent at the origin to the axis O¢. The case 0 « 4 . e{
1s the same as the case & > | with interchange of £ and 7, e we ha
only 1o interchange the roles of the axes ¢ and n. For k — 'cqua:;c
(52) becomes equation (30), whose integral curves were i1, o
fgure 1 tlustrated in
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An illustration of the integral curves of equation (52) for k < 01is given
in figure 11. In this case we have only two integral curves that pass through
the point O: these are the axis O¢ and the axis On. All other integral

b

Fic. 10. Fig. 11.

no closer than to some minimal
In this case we say that the point
r to the contours

curves, after approaching the origin
distance, recede again from the origin.
O is a saddle point because the integral curves are simila
on a map representing the summit of a mountain pass (saddle).
All integral curves of equation (53) are given by the equation

by = &a+bin| £l),

where a and b are arbitrary constants. These are illustrated schematically
in figure 12; all of them are tangent to the axis O at the origin.

If every integral curve entering some neighborhood of the singular
point O passes through this point and has a definite direction there, i.¢..
has a definite tangent at the origin, as is illustrated in figures 10 and 12,
then we say that the point O is a node. .

Equation (54) is most easily integrated, if we change to
p and ¢, putting

polar coordinates
¢ =pcos$, m=psing.
Then this equation changes into the equation

dp o
£ = kp, ==
% p, where & B’
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and hence,
p= Ce',
(56)

If k > 0 then all the integral curves appr i
infinitely often around this point as él_’ff‘:‘(;ﬁ:ﬂrl;l;)oirw;ndi?
N < ,

Fia. 12, Fia. 13

; .
f:::s.”:'rs :z[:vp:vns fc’:r ¢ — + co. In these cases, the point O is called a
foa | ;rcuw er, | h= 0, then the collection of integral curves of (56)
hood of 1he s with center at the point 0. Generally, if some neighbor-
il pollnl o is completely filled by closed integral curves, sur-
. cenfer :nzomt 0 itself, then such a point is called a cenrer.
inditin dcmmsi'n::sﬂy be tmpaformed into a focus, if in the numerator
arbitracly oo dor ‘ol' the right side of equation (54) we add a term of
bl gh order; co.nsegucnlly, in this case the behavior of integral
i a:;;;rgular point is not given by terms of the first order.
Pt e. co.rrespondmg to equation (45), is identical with the
bl qun.uor! (19). Thus figures 10 and 12 schematically
present the behavior in the phase plane (x, y) of the curves

x=uxn, y=x0)

f:xsr:o:dn;g 1o the solutions of equation (6) for real A, and A, of the
P ?3, :‘gum 11 corresponds to real A, and A, of opposite signs, and
e m]nn 8 (the case of a center) correspond to complex A, and 4, .
— ol;cns of A, and ), are negative, then the point (x(r), W1)) ap-
o —_— or r— + o, in this case the point x = 0, y = 0 corresponds

equilibrium. If, however, the real part of either of the numbers
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A, and A is positive, then at the point x = 0, y = 0, there is no siahje

equilibrium.

§7. Qualitative Theory of Ordinary Differential Equations

An important part of the general theory of ordinary differential equa-
tions is the qualitative theory of differential equations. It arose at the end

of the last century from the requirements of mechanics and astronomy.

In many practical problems, it is necessary to establish the character
of the solution of a differential equation describing some physical process

be the properties of its solutions as the independent variable

and to descri
xample, in celestial mechanics,

ranges over a finite or infinite interval. For e
which studies the motion of heavenly bodies, it is important to have
behavior of the solutions of differential equations

information about the
avenly bodies for

describing the motion of the planets or other he

unbounded periods of time.
As we said earlier, for only a few particularly simple equations can a

general solution be expressed in terms of integrals of known functions.
So there arose the problem of investigating the properties of the solutions
of a differential equation from the equation itself. Since the solution of a
differential equation is given in the form of a curve in a planc or in space,
the problem consisted of investigating the properties of integral curves,
their distribution and their behavior in the neighborhood of singular
points. For example, do they lie in a bounded part of the plane or do they
have branches tending to infinity, are some of them closed curves, a_nd
so forth? The investigation of such questions constitutes the qualitative
theory of differential equations.

The founders of the qualitative theory of
Russian mathematician A M. Ljapunov and the French
H. Poincaré.

In the preceding section, we considered in detail one of the imPOHB":
questions of the qualitative theory, namely the distribution of integ™
curves in a neighborhood of a singular point. We turn now to some other
basic questions in qualitative theory.

differential equations are !ht
mathematician

Stability. In the examples considered at the beginning of the Chapu;;
lhe_question of stability or instability of the equilibrium of a system ‘:'hc
e{&dy answered from physical considerations, without investigating 2
f:hf?'eunu'al equations. Thus in example 3 it is obvious that if the P‘"dUh:b;
in its equilibrium position 04, is moved by some external force 10 . na:h n
position OA', i.c., if a small change is made in the initial condition®

the subsequent motion of the pendulum cannot carry it very far from

§7. QUALITATIVE THEORY
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equilibrium position, and this deviation wj
ot TR ill be

devmtmn:IOA ,Le., in 1h:s.casg the ‘q“ﬂibrium“pn::i]:iggor ?]I;I’l&"tl’ original

F'o‘rh other more complicated cases, the question ol‘WI e stable.
eq_ulh rium pgsllloq is lcoﬂSJdemb]y more complicated stability of the
with only by investigating the corresponding differenti ‘J‘nd can be dealt
problem of the slalb'mty of equilibrium is close] 1al equations, The
quesupn of the stability of motion. Fundamental Y conpcctgd with the
established by A. M. Ljapunov. results in this field were

Let some physical process be described by the system of equali

ions

dx

o — A,

dy
= = hlxyn. (37)

For simplicity, we consider onl
) . y a system of two diffe i i
2!{though. our conclus:on.s remain valid for a system wi:hr:n}:znr‘ ::I i s
m;c’!uau?ns. Each particular solution of the system (57) u::nsi:‘tt'mﬂ:’er
o u:ancuo;ls :r(r) and y(1), will sometimes be called a motlion folll:\s' Y
i ge o Lja‘punov.‘ Wf will assume that fy(x, y, 1) and f(x,y 1) h;:s
e uou; partial derivatives. It has been shown that, in :his‘. c.ase lh=
y anyo?nsom:::eo;y‘s'lem of differential equations (57) is uniquely dcﬁn;d icf
ime 1 = initi
e oy fo the initial values x(r,) = x, and y{1;) = y,
We will denote b
‘ Y x(1, X, yo) and y(1, x4, y,) the solution of th

of equations (57) satisfying the initial congili-o:ls o essem

x=uxpand y =y, for t = 1.

A soluti ; )
i for al:”:c: x(lvhxﬂ v Yoh .y(" X » Vo) is called stable in the sense of Ljapunov
small chan r; the funFuOns x(1, Xq, ¥o) and M1, x,, o) have arbitrarily
More ¢ x;c.e:l or suﬂic:ently small changes in the initial values x, and y, .
Giflerencas y, for a solution to be stable in the sense of Ljapunov, the

r-l'(l', xn+51,yn43d—x(r..tu.}'nli. (58
)
JJ"(': Xp + 81 Yo+ 5.) _J’('v-rn-yﬂ)l
may
the nﬁ;aade less than any previously given number e for all 7 > fo, if
rs 8, and 8, are taken sufficiently small in absolute value.

Eve ; : |
ltnmbz. motion that is not stable in the sense of Ljapunov is called

Y
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In his investigation, the motion x(1, Xy, ¥o) &nd M1, X, , ¥,) was called
by Ljapunov unperturbed, and the motion x(f, xo + 8, , y, 4 ¢ )
AWt Xo + By 2o+ 8 with nearby initial conditions was called perturpeq
In this way stability in the sense of Ljapunov for an unperturbed motiop
means that for all 1 > Tp the perturbed motion must differ only a Jjty,
from the unperturbed.

The stability of equilibrium is a special case of stability of motjon
corresponding 1o the case in which the unperturbed motion is '

x(t, Xo, ¥0) = 0 and Y}, Xo, ys) = 0.

Conversely, the question of the stability of any motion x = ¢y(f) and

= ¢y(1) of the system (57) may be reduced to the question of the stability
of equilibrium for some system of differential equations. To this end we
replace the unknown functions x(f) and »(r) in the system (57) by the

new unknown functions

§=x—¢(n and 7 =y — (0. (59

In the system (57) transformed in this way, the motion x = ¢,(r) and

y = gy(t) will correspond to the motion ¢ = 0and 5 = 0, i.e., the position

of equilibrium. In what follows we will everywhere assume that the

transformation (59) has been made, so that we may consider stability
_in the sense of Ljapunov only for the solution x = 0,y=0.

The condition of stability in the sense of Ljapunov now means that,
for 8, and 8, sufficiently small and 1 > o, the trajectory in the (x,)
plane of a perturbed motion does not pass outside of the square with
sides of length 2 parallel to the coordinate axes and with center at the point
x=0y=0

We will be interested in those cases in which, without knowing an
integral of the system (57), we can nevertheless arrive at conclusions about
the stability or instability of a motion. Stability is a very important
practical question in the motion of projectiles, or of aircraft; and the
stability of orbits is important in celestial mechanics, where the motion
of planets and other heavenly bodies leads to this kind of jnvestigation

We assume that the functions f;(x, y, r) and fy (x,y, 1) may be represen
in the form

fi(x 9, 1) = ayx + ayy + Rix, % 1) ®

Jux, y, 1) = agx + agy + Re(x, 3, 1),
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where the a,, are constants, and R,(x,
x, y, and 1 such that 1% 2,0) and Ry(x, y, 1) are functions of

[ Rx o 1) | S MO2 4 %) and | Ry, y, 1) | < er +
where M is a positive constant. ), (61)
If in the system (57) we substitute equati
cquations (60), neglecti
and Ry(x, y, 1), we get a system of di p » neglecting R,(x, y, 1
coefficients ystem of differential equations with o'oruun:

dx
Z = nXx + ),

d 6
F); = GnX + awy, )

which is called the system of first
: i approximation
l?efore ﬂn} time of Ljapunov, researchers con';i,l::; m’ b e (57)"
:abt.‘zgmu::nl:lt: of the first approximation, believing lha:“ﬂ: lmu-
D ould carry over to the question of stabilj i ¢
m;‘hn.ur systen"l (5?). Ljapunov was the first to sh:)wbtlran[( il: :heme ee s
wnd:;;ndun::e:: fll'ne. On the other hand, he gave a series :;::ral caje
o k:;; l;ulvedwg;cltlh f:le ﬁ?‘ltmtion of stability for the nonlinear s;:te‘:: i:
4 approximation. O these itions i

the following. If the real parts of both the roots :l? Lz: equntif;ndmom :

ay —A  ay,

agn an—A =

are n i .
(1), teh'e.nn:e::fu:j? functions R,(x, , 1) and Ry(x, y, 1) fulfill condition
If the real part of ef n x(r) = 0, )(r) = Ois stable in the sense of Ljapunov
%0) = Oof an :Iu:]:.:;: :.r(m: rootsis positive, then the solution x(1) = 0,

€ isfying the conditions (61) i L
also gave a series ) - 5( )IS unstable. L_]apunov
of 8 motion.# of other sufficient conditions for stability and instability

If the ri i .
ihe ﬁme right sides of equations (57) do not depend on 1, then dividing
equation of the system (57) by the second we get

dy _ filx,») ©)

" dx  fix,y)’

origin wj i i

of eq mhg;’“n :'11] be'l singular point for this equation. In the case of stability

bea m, this point may be a focus, a node, or a center, but cannot
saddle point, !

—_-:\T.‘-
- Liapunov, The general problem of stability of motion.
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Thus the character of a singular point rfl'ay be determined from the
stability or instability of the equilibrium position.

The behavior of integral curves in the Inrg_e. It is sometimes impor.
{o construct a schematized re|l:ore§cnlauon pf the bghavior of the
integral curves “in the large”; that is, in the entire domain of the given
system of differential equations, without attempting to preserve the scale,
We will consider a space in which this system defines a field of directions
as the phase space of some physical process. Then t}}e gcnc‘ral scheme of
the integral curves, corresponding to the system of dlﬁ'crc'nual equations,
will give us an idea of the character of all processes (motions) which can
possibly occur in this system. In figures 10-13 we have constructed
approximate schematized representations ofl the bcha\:mr of the integral
curves in the neighborhood of an isolated singular point. .

One of the most fundamental problems in the theory of dlﬂ'lerentia.l
equations is the problem of finding as simplc a method as possfbie for
constructing such a scheme for the behawor‘of' the family of integral
curves of a given system of differential equations in the entire dom."
of definition, in order to study the behavior of the m.tcg'ral curves of 1!1:5
system of differential equations “in the large.”” This pmhlgm remains
almost untouched for spaces of dimension higher than 2. It is still very
far from being solved for the single equation of the form

tant

dy _ M(x,y) (64)

dx  N(x,»

even when M(x, y) and N(x, y) are polynomials.
" In what follows, we will assume that thcﬁfuncti:ns
have continuous partial derivatives of the first order. ia o
If all the poimsp:r a simply connected domain G, in whlch'lhe n‘glhl s:::
of the differential equation (64) is defined, are ordinary points, t :_“m“y
family of integral curves may be represented schematically as aa] :-urvc
of segments of parallel straight lines; since in this case oné mtcg,_rt -
will pass through each point, and no two integral curves can m-; ular
For an equation (64) of more general form, which may have s;icitcd-
points, the structure of the integral curves may be ml&lch_“"""e comp ts (i.e
The case in which equation (64) has an infinite set of singular poin y be
points where the numerator and the denominator both vu;,_msh)TT'!:;s we
excluded, at least when M(x, y) and N(x, y) are mlyno@ds-“ has 8
restrict our consideration to those cases in which equation ( 3 ntegral
finite number of isolated singular points. The behavior of the s
curves that are near to one of these singular points forms the €

M(x, y) and N(x. )
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clement in setting up a schematized representation of the behavi

the integral curves of the equation. havior of all
A very typical ""’"”?‘ in such a scheme for the behavior of all the

integral curves of equation (64) is formed by the so-call i

Let us consider the equation -called limit cycles,

a= b (65)

where p and ¢ are polar coordinates in the (x, ¥) plane.

The collection of all integral curves of equation (65) is given by the

formula

p =1+ Ce, (66)
where C is an arbitrary constant, different for different integral curves
In order that p be nonnegative, it is necessary that ¢ have values no largea.'
than —In | C|, C < 0. The family of integral curves will consist of

1. thecircle p = 1 (C=0);

2. the spirals issuing from y
the origin, which approach
this circle from the inside as
¢— — 0 (C<0);

3. the spirals, which ap-
proach the circle p = |
from the outside as ¢ — — a0
(C = 0) (figure 14).

The circle p = 1 is called
a limit, cycle for equation
_(65). In general a closed
Integral curve / is called a
limit cycle, if it can be
enclosed in a disc all points
of which are ordinary for
tquation (64) and which is
‘“}::)'Y ﬁlled. by nonclosed integral curves.

This mr: equation (65) it can be seen tlhal all points of th.c circle are ordinary.

i ans that a small piece of a limit cycle is not different from a smali
of any other integral curve.

[x(,""y closed integral curve in the (x, y) plane gives a periodic solution

) M0)) of the system

9 _ N, y).%’ — M(xy), 67)

Fic. 14

dt
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“’cscflbﬁﬂs the law of change of some physical system. Those integral
curves in the phase plane that as ¢ — + o approximate a limit cycle are
motions that as 1 — + oo approximate periodic motions.

Let us suppose that for every point (x,, y,) sufficiently close to a limit
C_YCIC /, we have the following situation: If (xq . o) is taken as initial point
(l.c.. for t = 1) for the solution of the system (67), then the corresponding
mtes_rnl curve traced out by the point [x(r), »(1)], as { — + oo approximates
!he limit cycle /in the (x, ») plane. (This means that the motion in question
1S approximately periodic.) In this case the corresponding limit cycle is
called stable. Oscillations that act in this way with respect to a limit cycle
correspond physically to self-oscillations. In some self-oscillatory systems,
there may exist several stable oscillatory processes with different ampli-
tudes, one or another of which will be established by the initial conditions.
In the phase plane for such “self-oscillatory systems,” there will exist
corresponding limit cycles if the processes occuring in these systems are
described by an equation of the form (67).

The problem of finding, even if only approximately, the limit cycles of
a given differential equation has not yet been satisfactorily solved. The
most widely used method for solving this problem is the one suggested by
Poincaré of constructing “cycles without contact.” It is based on the
following theorem. We assume that on the (x, y) plane we can find two
closed curves L, and L, (cycles) which have the following properties:

1. The curve L, lies in the region enclosed by L, .
2. In the annulus £2, between L, and L, , there are no singular points of
equation (64).

3. L, and L, have tangents everywhere, and the directions of these
tangents are nowhere idertical with the direction of the field of directions

for the given equation (64).

4. For all points of L, and L, the cosine of the angle between the
interior normals to the boundary of the domain 2 and the vector with
components [N(x, y), M(x, y)] never changes sign.

Then between L, and L, , there is at least one limit cycle of equation

(64).
Poincaré called the curves L, and L, cycles without contact.

The proof of this theorem is based on the following rather obvious fact.
We assume that for decreasing ¢ (or for increasing ) all the integral curves
x = x(1), y=mMn

of equation (64) (or, what amounts to the same thing, of equations (67),
where ¢ is a parameter), which intersect L, or L, , enter the annulus
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between L, and L, . Then they must necessarily tend to some closed curve
! lying between L, and L, , since none of the integral curves lying in the
annulus can leave it, and there are no singular points there.

But the problem of finding cycles without contact is also a complicated
one and no general methods are known for solving it. For particular
examples it has been possible to find cycles without contact, thereby
proving the existence of limit cycles.

In radio technology it is important to find limit cycles (self-oscillatory
processes) for equation (16) for the electron-tube generator. For equations
of the type of (16), N. M. Krylov and N. N. Bogoljubov gave a method
about twenty years ago, for approximate computation of a certain ljmit'
cycle that exists for this equation. At about the same time the Soviet
physicists L. 1. Mandel'stam, N. D. Papaleksi, and A. A. Andronov gave
a proofl of the possibility of applying what is called the method of the
small parameter, a method that to some extent had been used earlier in
practice, though without any rigorous justification. Andronov was also
the first to make systematic practical use, in the analysis of self-oscillatory
systems, of the theoretical methods already developed by Ljapunov and
Poincaré. In this manner he obtained a whole series of important results.
“_As w_a.s mentioned earlier, an important role is played in physics by

Insensitive™ systems (cf. §3). Andronov, together with L. S. Pontrjagin, set
up a catalogue of the elements from which one could construct a complete
Fhart f)f the behavior of the integral curves in the (x, y) plane for an
Insensitive differential equation of the form (64). It had been long known
for example, that a center near a singular point is easily destroyed b;
small changes in the equations (64). Thus in the construction of a chart of
the bch.avior of the integral curves of equation (64), we cannot have a
Qemer, ie., a family of closed integral curves surrounding a singular point
if the equation is “insensitive."” .

The qugstion of the behavior of the integral curves in the large is still
f.ar from its final solution. We note that the analogous and probably
simpler question of the form of rea) algebraic curves in the plane, i.c
curves defined by the equation T

P(x. y) = 0-

whch P(x, y) is a polynomial of degree n, is also far from a complete
solution. The form of these curves is completely known only for n < 6. -
The solutions of the system (64) define motions in the plane. If we
replace each point (x,, y,) in the plane by the corresponding point
(X1, X0, yoh 11, xq, o)], Where x(1, x,, ;) and 1, X0, o) are the
solution of the system (64) with initial conditions x = x, and y = y,
fort = 1, we obtaina transformation of the points of the plane depending
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on the parameter . Similar transformations depending on a parameter,
together with the motions they generate, may be considered on a sphere,
a torus, or other manifolds. The properties of these motions are studied
in the theory of dynamical systems. In a neighborhood of every point
these motions are the solutions of some system of differential equations.
In the past decade the theory of dynamical systems has been developed
on a broad basis in the works of V. V. Stepanov, A. Ja. Hin¢in, N. N.
Bogoljubov, N. M. Krylov, A. A. Markov, V. V. Nemyckil and others,
and also in the works of G. D. Birkhoff and other mathematicians.

In this chapter we have given a brief outline of the present state of the
theory of ordinary differential equations and have attempted to describe
the problems that are considered in this theory. Our study in no sense
pretends to be complete. We have had to omit consideration of many
branches of the theory that arise in the study of more special problems
or that require broader mathematical knowledge than the reader of this
book is assumed to possess. For example, we have nowhere touched
upon the general and important area in which the theory of differential
equations with complex arguments is considered. We have had no oppor-
tunity to examine the theory of boundary-value problems and in particular,
of eigenfunctions, which is of great importance in the applications.

We have also been able to pay very little attention to approximative
methods for the numerical or analytical solution of differential equations.
For these questions, we recommend that the reader consult the specialized
literature.
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